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MULTIPLE ZETA VALUES AND ROTA–BAXTER ALGEBRAS
(DEDICATED TO PROFESSOR MELVYN NATHANSON FOR HIS 60TH
BIRTHDAY)
KURUSCH EBRAHIMI-FARD AND LI GUO
Abstract. We study multiple zeta values and their generalizations from the point of
view of Rota–Baxter algebras. We obtain a general framework for this purpose and derive
relations on multiple zeta values from relations in Rota–Baxter algebras.
1. Introduction
The purpose of this paper is to establish the relationship between Rota–Baxter algebras
and multiple zeta values, multiple polylogarithms and their q-analogs.
Multiple zeta values, henceforth abbreviated MZVs, are defined by
(1) ζ(s1, · · · , sk) :=
∑
n1>n2>···>nk≥1
1
ns11 · · ·n
sk
k
where the si are positive integers with s1 > 1.
The earliest algebraic relation among multiple zeta values traces back to Euler. Their
systematic study started in early 1990s with the work of Hoffman [30] and Zagier [47].
Since then MZVs and their generalizations have been studied intensively by numerous
authors with connections to arithmetic geometry, mathematical physics, quantum groups
and knot theory. Surveys on the related work can be found in [7, 33, 10, 45, 46, 49]. Lately
generalizations of MZVs, such as multiple polylogarithms (MPLs) have also been shown
to be important, in both pure mathematics [47, 10] and theoretical physics [9, 35, 36].
Investigations of their possible q-analogs, especially with respect to algebraic aspects were
started in [8, 43, 48, 49].
A Rota–Baxter operator of weight λ is a linear operator P on an algebra A such that
(2) P (x)P (y) = P (xP (y)) + P (P (x)y) + λP (xy), x, y ∈ A.
Here λ is a fixed constant in the base ring. Rota–Baxter algebra was first introduced
by Baxter [5] in 1960 to study the theory of fluctuations in probability. It was further
studied in the next two decades by a number of mathematicians, especially Rota who
greatly contributed to the study of the Rota–Baxter algebra by his pioneering work in the
late 1960s and early 1970s [38, 39, 40] and by his survey articles in late 1990s [41, 42].
In the last few years there have been further developments in Rota-Baxter algebras with
applications to quantum field theory [12, 13, 21, 22, 23, 19, 15], dendriform algebras [1, 2,
3, 14, 17, 18], number theory [27], Hopf algebras [4, 16] and combinatorics [26]. Key to
some of these developments in Rota–Baxter algebra is the realization of the free objects in
which the product is defined by mixable shuffles [28, 29].
1
2 KURUSCH EBRAHIMI-FARD AND LI GUO
All known algebraic relations among MZVs are given by the combination of the shuffle
product of the integral representation of MZVs and the stuffle (i.e., quasi-shuffle) product
of the sum representation of the MZVs, and their degenerated forms. Conjecturally, all
algebraic relations among MZVs can be obtained this way [34]. These products are also
the shuffle product and mixable shuffle product in the free commutative Rota–Baxter alge-
bras [28, 29, 16], as we will elaborate further below. It is therefore reasonable to expect that
much of the recent work on algebraic relations for MZVs can be viewed and expanded in
the framework of Rota–Baxter algebras. The current paper is a first step in this direction.
In order to make precise the connection between Rota–Baxter algebras and MZVs, and
to set up a general framework to deal with the various generalizations of MZVs, we review
the constructions of free commutative Rota–Baxter algebras in Section 2 and their relations
with shuffle type products for MZVs. These include the relation between mixable shuffles in
Rota–Baxter algebras and quasi-shuffles and generalized shuffles in MZVs, and the relation
between the product of Cartier and stuffle product of MZVs. In Section 3, we use the
language of free Rota–Baxter algebras to define the concept of MZV algebras which will
include as special cases the MZVs, MPLs and q-MZVs. In Section 4, this setup is used to
derive identities in MZVs from identities in Rota–Baxter algebras.
2. Free Rota-Baxter algebras and double shuffle
We start with reviewing the concept of free Rota–Baxter algebra because it most precisely
and broadly relates Rota-Baxter algebras to MZVs. On one hand, the products in free Rota–
Baxter algebras turn out to be the same as the products for MZVs. On the other hand,
free Rota–Baxter algebras provide a general framework to define and study MZVs and their
generalizations. Eventually, various classes of MZVs will be shown to be subquotients of
free commutative Rota–Baxter algebras.
2.1. Rota–Baxter algebras. We first fix some notations. Throughout this paper, we will
only consider commutative rings and algebras. For noncommutative Rota–Baxter algebras
and applications to physics and operads, see [18, 19, 20, 23]. Let k be a unitary ring, that
is, a ring with an identity which we denote by 1, and let λ ∈ k be fixed. A unitary (resp.
nonunitary) Rota–Baxter k-algebra (RBA) of weight λ is a pair (R,P ) in which R is a
unitary (resp. nonunitary) k-algebra and P : R→ R is a k-linear map such that
(3) P (x)P (y) = P (xP (y)) + P (P (x)y) + λP (xy), ∀x, y ∈ R.
We will focus on two Rota-Baxter operators here. One is the integration operator
(4) I(f)(x) =
∫ x
0
f(t)dt
defined on continuous functions f(x) on [0,∞). Then the integration by parts formula
reads
I(fI(g)) = I(f)I(g)− I(I(f)g)
showing that the integration operator is a Rota-Baxter operator of weight 0. The second
operator is the sum operator that we will discuss at the beginning of the next section.
Let A be a unitary k-algebra. A unitary Rota–Baxter algebra (F (A), PA) of weight λ is
called a free unitary Rota–Baxter algebra over A if there is a unitary algebra homomorphism
jA : A → F (A) with the property that, for any unitary Rota–Baxter k-algebra (R,P ) of
weight λ and unitary algebra homomorphism f : A → R, there is a unitary Rota–Baxter
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k-algebra homomorphism f¯ : (F (A), PA) → (R,P ) such that f = f¯ ◦ jA, in other words,
such that the diagram
A
jA
//
f
''O
O
O
O
O
O
O
O
O
O
O
O
O
O
O F (A)
f¯

R
commutes. When all unitary is replaced by nonunitary in the above definition, we obtain
the concept of the free nonunitary Rota-Baxter algebra over A.
2.2. Free Rota-Baxter algebras and mixable shuffle product. For a given unitary
commutative algebra A, define X+(A) :=
⊕
n≥1A
⊗n. We briefly recall the definition of
mixable shuffle product ⋄+ on X+(A). For details, see [16, 28, 29, 25].
Consider two pure tensors a := a1 ⊗ . . .⊗ am ∈ A
⊗m and b := b1 ⊗ . . .⊗ bn ∈ A
⊗n. As is
well-known, a shuffle of a and b is a tensor permutation of ai and bj without changing the
order of the ais and bjs, and the shuffle product aXb of a and b is the sum of shuffles of a
and b. For example
a1X(b1 ⊗ b2) = a1 ⊗ b1 ⊗ b2 + b1 ⊗ a1 ⊗ b2 + b1 ⊗ b2 ⊗ a1.
More generally, a mixable shuffle is a shuffle in which some pairs ai⊗ bj (but not bj ⊗ ai)
are merged into λaibj . The mixable shuffle product a ⋄
+ b of a and b is the sum of mixable
shuffles of a and b. For example,
a1 ⋄
+ (b1 ⊗ b2) = a1 ⊗ b1 ⊗ b2 + b1 ⊗ a1 ⊗ b2 + b1 ⊗ b2 ⊗ a1 (shuffles)(5)
+λa1b1 ⊗ b2 + λb1 ⊗ a1b2 (merged shuffles).(6)
So the mixable shuffle product is the shuffle product when λ = 0. With the product ⋄+,
X
+(A) is a nonunitary commutative algebra. Let k⊕X+(A) be the unitary algebra after
unitarization and let
X(A) := A⊗ (k⊕X+(A))
be the tensor product algebra with its product denoted by ⋄. So for a ⊗ (u + a′) and
b⊗ (v + b′) in X(A) with a, b ∈ A, u, v ∈ k and a′, b′ ∈ X+(A), we have the product
(7) (a⊗ a′) ⋄ (b⊗ b′) = (ab)⊗ (uv + va′ + ub′ + a′ ⋄+ b′).
We have the natural unitary algebra homomorphism jA : A → X(A) sending a ∈ A to
a⊗ 1 ∈ X(A). The following theorem is proved in [28, 29].
Theorem 2.1. The algebra X(A) with the shift operator PA : X(A) → X(A), PA(a) :=
1 ⊗ a is the free commutative unitary Rota–Baxter algebra over A. When A = k[X ], it is
the free commutative unitary Rota-Baxter algebra over X.
If A is a nonunitary algebra, then the free commutative nonunitary algebra over A can
be constructed as a subalgebra of X(A˜) [29]. Here A˜ = k⊕A is the unitarization of A.
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2.3. Connection with quasi-shuffle. It is shown in [16] that the mixable shuffle product
can be recursively defined as follows. For any m,n ≥ 1 and a = a1 ⊗ · · · ⊗ am ∈ A
⊗m,
b = b1 ⊗ · · · ⊗ bn ∈ A
⊗n, then
(8) a ⋄+ b =


a1 ⊗ b1 + b1 ⊗ a1 + λa1b1, m = n = 1,
a1 ⊗ b1 ⊗ · · · ⊗ bn + b1 ⊗
(
a1 ⋄
+ (b2 ⊗ · · · ⊗ bn)
)
+λ(a1b1)⊗ b2 ⊗ · · · ⊗ bn, m = 1, n ≥ 2,
a1 ⊗
(
(a2 ⊗ · · · ⊗ am) ⋄
+ b1
)
+ b1 ⊗ a1 ⊗ · · · ⊗ am
+λ(a1b1)⊗ a2 ⊗ · · · ⊗ am, m ≥ 2, n = 1,
a1 ⊗
(
(a2 ⊗ · · · ⊗ am) ⋄
+ (b1 ⊗ · · · ⊗ bn)
)
+b1 ⊗
(
(a1 ⊗ · · · ⊗ am) ⋄
+ (b2 ⊗ · · · ⊗ bn)
)
+λ(a1b1)⊗
(
(a2 ⊗ · · · ⊗ am) ⋄
+ (b2 ⊗ · · · ⊗ bn)
)
, m, n ≥ 2.
This is a mild generalization of the quasi-shuffle product introduced by Hoffman [32] at
about the same time as the mixable shuffle product to study MZVs. We briefly recall his
construction. Let X be a set with a grading given by finite subsets Xn, n ≥ 1, (locally
finite set) and with either a graded associative commutative product [·, ·] : X ×X → X or
the zero product [· · · , · · · ] : X ×X → {0}. Let A be the noncommutative free algebra on
X with identity 1. Elements in X are called letters and monomials in A are called words.
Hoffman’s quasi-shuffle product is the product ∗ on A recursively defined by
(1) 1 ∗ w = w ∗ 1 = w for any word w;
(2) (aw1) ∗ (bw2) = a(w1 ∗ (bw2)) + b((aw1) ∗ w2) + [a, b](w1 ∗w2), for any words w1, w2
and letters a, b.
Then (A, ∗) is a commutative algebra. We thus have [16]
Theorem 2.2. The products ∗ coincides with ⋄+ on X+(A) in the special case when λ = 1
and when A is the algebra k⊕ (⊕x∈Xkx) with product given by [·, ·].
The mixable shuffle product was also found by Goncharov [24] in the context of motivic
shuffle relations.
As another interesting link between Rota–Baxter algebras and MZVs, we note that a
construction of free Rota–Baxter algebras over a set was obtained over 30 years ago by
Cartier [11] where the product is defined in terms of ordered subsets. Recently [8] the
stuffle product for MZVs was described in a similar way using order preserving injections
instead of ordered subsets.
3. Rota–Baxter algebra setup of MZVs and their generalizations
The above section gives strong evidence on the intrinsic connection between Rota–Baxter
algebra and MZVs. In order to effectively apply results of Rota–Baxter algebras to MZVs,
it is desirable to give a Rota–Baxter algebra structure on the set of MZVs. As we see in
Eq (1), the MZVs are defined by iterated sums, given by iterations of the sum operator
P (f)(x) :=
∑
n≥1
f(x+ n).
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Under certain convergency conditions, such as f(x) = O(x−2) and g(x) = O(x−2), P (f)(x)
and P (g)(x) are defined by absolutely convergent series and we have
P (f)(x)P (g)(x) =
∑
m≥1
f(x+m)
∑
n≥1
g(x+ n)
=
∑
n>m≥1
f(x+m)g(x+ n) +
∑
m>n≥1
f(x+m)g(x+ n) +
∑
m≥1
f(x+m)g(x+m)(9)
= P (fP (g))(x) + P (gP (f))(x) + P (fg)(x)
since
P (fP (g))(x) =
∞∑
m=1
f(x+m)P (g)(x+m)
=
∞∑
m=1
f(x+m)
( ∞∑
k=1
g(x+m+ k)
)
=
∑
n>m≥1
f(x+m)g(x+ n).
This shows that the operator P is a Rota-Baxter operator of weight 1 on certain functions.
However, the sum operator and its iteration are not defined on some other functions. So we
can only expect that subsets of a Rota–Baxter algebra can be applied to the MZV study.
This motivates the following construction.
3.1. MZV algebras. Let R be a k-algebra. Let P be a partially defined map from R to
R. We call P a partially defined Rota–Baxter operator if
(10) P (f)P (g) = P (fP (g)) + P (P (f)g) + λP (fg)
if all terms are defined.
For f := (f1, · · · , fn) ∈ R
n, formally define
Pf := P (f1P (f2 · · ·P (fn) · · · )).
We define a filtered k-algebra to be a nonunitary k-algebra A with a decreasing sequence
An, n ≥ 0, of ideals such that AmAn ⊆ Am+n.
Definition 3.1. Let R be a k-algebra with a partially defined Rota–Baxter operator P . A
filtered subalgebra A of R is called iteratedly summable (of level k) if the formal symbols
Pf are well-defined for all f ∈ A
n, n ≥ 1, with fn ∈ Ak. For an iteratedly summable
subalgebra A (of level k), we call the set
Ak := {P(f1,··· ,fn)
∣∣fi ∈ A, 1 ≤ i ≤ n, fn ∈ Ak}
the MZV algebra generated by A.
We will show below (Theorem 3.2) that Ak is indeed an algebra.
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3.2. The abstract MZV algebra. Let A be a filtered k-algebra. We can construct a
MZV-algebra generated by A as follows.
Let A˜ be the unitarization of A. So A˜ = k ⊕ A with componentwise addition and with
product defined by (m, a)(n, b) = (mn,mb+na+ab). In the free Rota–Baxter algebra X(A˜)
with Rota-Baxter operator PA, we have PA(f) = 1 ⊗ f . So PA,(f1,··· ,fn) = 1 ⊗ f1 ⊗ · · · fn.
Therefore, for k ≥ 1, the MZV algebra generated by A in X(A˜) is the subspace M(A)k of
X(A˜) generated by pure tensors of the form 1⊗ a1 ⊗ · · · ⊗ an ∈ 1⊗ A
⊗n with an ∈ Ak.
Theorem 3.2. Let A be an iteratedly summable subalgebra of R of level k.
(1) Ak is a subalgebra of R.
(2) M(A)k is a subalgebra of X(A˜).
(3) There is an algebra surjection
Pk : M(A)k → Ak
sending 1⊗ f1 ⊗ · · · ⊗ fn to P(f1,··· ,fn).
(4) Given an evaluation, that is, an algebra homomorphism ν : A → k, we obtain an
algebra homomorphism ν ◦Pk : M(A)k → k.
Proof. (1) We only need to prove that A is closed under multiplication. For this we just need
to prove that for any (f1, · · · , fm) ∈ A
m, (g1, · · · , gn) ∈ A
n with fi, gj ∈ A and fm, gn ∈ Ak,
the product P(f1,··· ,fm)P(g1,··· ,gn) are still of this form. We prove this by induction on m+ n.
When m = n = 1, we have f1, g1 ∈ Ak. Then
Pf1Pg1 = P (f1)P (g1)
= P (f1P (g1)) + P (g1P (f1)) + λP (f1g1).
So we are done. Assuming the claim is true for m + n ≤ k and consider the case of
m+ n = k + 1. Then the Rota-Baxter relation (10)
P(f1,··· ,fm)P(g1,··· ,gn) = P (f1P(f2,··· ,fm))P (g1P(g2,··· ,gn))
= P (f1P(f2,··· ,fm)P (g1P(g2,··· ,gn))) + P (P (f1P(f2,··· ,fm))g1P(g2,··· ,gn))
+λP (f1P(f2,··· ,fm)g1P(g2,··· ,gn)).
By the induction hypothesis, P(f2,··· ,fm)P (g1P(g2,··· ,gn)) = P(f2,··· ,fm)P(g1,··· ,gn) is a sum of terms
of the form P(h1,··· ,hℓ) with hi ∈ A and hℓ ∈ Ak. So P (f1P(f2,··· ,fm)P (g1P(g2,··· ,gn))) is also a
sum of the form P(f1,h1,··· ,hℓ), so are still in Ak. The same argument applies to the other two
terms. This completes the induction.
(2) By construction, M(A) is a special case of Ak.
(3) The assigned map is clearly well-defined and surjective. It is an algebra homo-
morphism because the products in M(A) and Ak are both defined by the Rota-Baxter
relation (10). Alternatively, it can be proved by induction, as in item (1).
(4) follows from item (3) since a composition of algebra homomorphisms is still an algebra
homomorphism. 
Corollary 3.3. If F is an algebraic relation among elements fi, 1 ≤ i ≤ n in M(A)k for a
given k, then Pk(F ) gives the same algebraic relation among the elements Pk(fi), 1 ≤ i ≤ n
in the MZV algebra Ak and the same algebraic relation among elements (ν ◦Pk)(fi), 1 ≤
i ≤ n of k.
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3.3. Examples of MZV algebras. As we have seen at the beginning of this section, for
the sum operator P (f)(x) =
∑∞
n=1 f(x+ n), we have
(11) P(f1,··· ,fk)(x) =
∑
n1>n2>···>nk≥1
f1(x+ n1)f2(x+ n2) · · ·fk(x+ nk)
under suitable convergence condition.
3.3.1. Multiple Hurwitz zeta functions and MZVs. We let
AH := {fs(x) := 1/x
s
∣∣s ∈ N}
with filtration given by s. Then AH is a filtered subalgebra and generates a MZV algebra.
More precisely, we have
P (fs)(x) =
∞∑
n=1
1
(x+ n)s
= ζ(s; x+ 1)
where ζ(s; x) is the Hurwitz zeta function [10]. Evaluated at x = 0, we obtain the Riemann
zeta function ζ(k).
We define a multiple Hurwitz zeta function to be an iteration
ζ(s1, · · · , sk; x+ 1) := P(fsk ,··· ,fs1 )(x) =
∑
n1>n2>···>nk≥1
1
(x+ n1)s1 · · · (x+ nk)sk
with s1 > 1. So the MZV algebra AH of level 2 generated by AH is the algebra of multiple
Hurwitz zeta functions.
Taking the evaluation map ν(f(x)) = f(0), we obtain the algebra of multiple zeta values
ζ(s1, · · · , sk) :=
∑
n1>n2>···>nk≥1
1
ns11 · · ·n
sk
k
.
For example, for P (f2)(x) =
∑∞
n=1
1
(x+n)2
= ζ(2; x+1), by the Rota-Baxter relation (9), we
have P (f2)P (f2) = P (f2P (f2)) + P (P (f2)f2) + P (f2f2). Since f2f2 = f4, we obtain
ζ(2; x+ 1)ζ(2; x+ 1) = 2ζ(2, 2; x+ 1) + ζ(4; x+ 1).
Evaluating at x = 0, we obtain
(12) ζ(2)ζ(2) = 2ζ(2, 2) + ζ(4).
Further applications of Rota-Baxter algebras to MZVs will be given in the next section.
3.3.2. Multiple Lerch functions and MPLs. Now let s ∈ N and z be a (complex) parameter
with |z| < 1. Let
AL := {fs,z(x, y) := z
y/xs
∣∣s ∈ N, |z| < 1}.
Then AL is a filtered algebra from the grading by s. We have
P (fs,z)(x, y) :=
∞∑
n=1
zy+n
(x+ n)s
and P (fs,z)(x, 0) = Φ(z, s, x + 1) where Φ(z, s, x) is the Lerch function [10]. Evaluated at
x = 0, we obtain the polylogarithm function
Lis(z) :=
∑
n≥1
zn
ns
.
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Further Lis(1) is the Riemann zeta function.
We define a multiple Lerch function to be an iteration
ζ(s1, · · · , sk; x+ 1) := P(fs1,z1 ,··· ,fsk,zk )(x, y) =
∑
n1>n2>···>nk≥1
zy+n11 · · · z
y+nk
k
(x+ n1)s1 · · · (x+ nk)sk
.
So the MZV algebra AL generated by AL is the algebra of multiple Lerch functions.
When y = x = 0, we obtain the multiple polylogarithms
Lis1,··· ,sk(z1, · · · , zk) :=
∑
n1>n2>···>nk≥1
zn11 · · · z
nk
k
ns11 · · ·n
sk
k
.
3.3.3. Variations of q-MZVs. There are several versions of q-MZVs and q-MPLs. See [48, 8]
for q-multiple zeta values and polylogarithms. See also [49] for another definition of q-MZVs.
They can all be defined as iterations of summation operators on certain functions.
Fix 0 < q < 1 Let Aq be the subspace with basis{
qs(k) :=
qk(s−1)
[k]sq
∣∣∣∣ s ∈ C
}
.
Here [k]q =
1−qk
1−q
. Then Aq is a filtered subalgebra since
qs(k)qt(k) = qs+t(k) + (1− q)qs+t−1(k).
The MZV algebra Aq,2 of level 2 generated by Aq, after the evaluation map, is the algebra
of q-MZVs studied by Zhao, Bradley, Kaneko, et. al. [48, 8, 37] consisting elements of the
form
(13) ζq(s1, · · · , sd) :=
∑
k1>···>kd>0
qk1(s1−1)+···+kd(sd−1)
[k1]s1 · · · [kd]sd
where s1 > 1.
3.4. Rota–Baxter algebras and nested sums. There is another angle to the Rota–
Baxter algebra point of view for MZVs. Let A be a unitary ring and let N be the set of
positive integers. Define A := Map(N, A) = AN to be the algebra of maps f : N → A with
point-wise operations. Define a linear operator
(14) Z := ZA : A→ A, Z[f ](k) :=


k−1∑
i=1
f(i), k > 1,
0, k = 1.
Lemma 3.4. Z is a Rota–Baxter operator on A of weight 1.
Further we have, for f1, · · · , fn ∈ A,
(15) Z[f1Z[f2 · · ·Z[fn] · · · ]](k + 1) =
∑
k≥i1>···>in>0
f1(i1) · · ·fn(in)
and thus
(16) lim
k→∞
Z[f1Z[f2 · · ·Z[fn] · · · ]](k) =
∑
i1>···>in>0
f1(i1) · · ·fn(in)
if the nested infinite sum on the right exists.
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For example, the multiple zeta values are obtained as
ζ(s1, · · · , sn) =
∑
i1>···>in>0
1
is11 · · · i
sn
n
= lim
k→∞
Z
[ 1
xs1
Z
[ 1
xs2
· · ·Z
[ 1
xsn
]
· · ·
]]
(k).
3.5. Rota–Baxter algebras and iterated integrals. We mentioned in the introduction
the double-shuffle relations for MZVs, corresponding to the sum and integral representa-
tions of MZVs (see [34] for more details). We have just seen that the sum representation
of MZVs is captured as a subquotient AH of a free Rota-Baxter algebra of weight 1 (The-
orem 3.2). Similarly, the integral representation of MZVs is captured by a Rota-Baxter
algebra of weight zero, the integral operator considered in Eq (4). For example the integral
representation
ζ(2) =
∫ 1
0
dx1
x1
∫ x1
0
dx2
1− x2
is the evaluation at x = 1 of
I(1/x1,1/(1−x2)) :=
∫ x
0
dx1
x1
∫ x1
0
dx2
1− x2
for the integration operator I in Eq. (4) which is a Rota-Baxter operator of weight zero.
Since the product in a free Rota-Baxter algebra of weight zero is given by the shuffle
product, we have
I(1/x1,1/(1−x2))I(1/y1,1/(1−y2)) = I(1/x1,1/y1,1/(1−x2),1/(1−y2)) + I(1/x1,1/y1,1/(1−y2),1/(1−x2))
+I(1/y1,1/x1,1/(1−x2),1/(1−y2)) + I(1/y1,1/x1,1/(1−y2),1/(1−x2))
+I(1/x1,1/(1−x2),1/y1,1/(1−y2)) + I(1/y1,1/(1−y2),1/x1,1/(1−x2))
= 4I(1/z1,1/z2,1/(1−z3),1/(1−z4)) + 2I(1/z1,1/(1−z2),1/z3,1/(1−z4)).
Evaluated at x = 1, we have
ζ(2)ζ(2) = 4ζ(3, 1) + 2ζ(2, 2).
Combining with Eq (12) we have the famous relation
ζ(3, 1) =
1
4
ζ(4).
In general, this double-shuffle structure is reflected in the context of Rota-Baxter algebras
and needs to be further analyzed.
We will only briefly mention the integral representation of q-MZVs, as they appeared
in [48, 8]. The q-analog of the Riemann integral, named Jackson integral after its inventor
Reverend Jackson [42], on a well chosen function algebra is given by
(17) J [f ](x) :=
∫ x
0
f(y)dqy := (1− q)
∑
n≥0
f(xqn)xqn.
for 0 < q < 1. A key ingredient in the Jackson integral is the operator
(18) Pq[f ](x) :=
∑
n>0
f(xqn).
Proposition 3.5. [41] The maps Pq and Pˆq := id+Pq are Rota-Baxter operators of weight
1 and −1, respectively.
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It then follows that Jackson’s integral satisfies the relation
(19) J [f ] J [g] + (1− q)J [f g id] = J
[
J [f ] g + f J [g]
]
,
where id is the identity map.
The q-analogs of MZVs of [48, 8] have a Jackson-integral representation. Unfortunately,
Theorem 3.2 does not apply to the integral representation of these q-MZVs due to the lack
of a suitable MZV algebra structure here. We plan to elaborate on this in a future work.
4. Identities in Rota–Baxter algebras and MZVs
By Corollary 3.3, once we have an identity in free Rota–Baxter algebras, we can apply it
to various MZV algebras to get identities there. We give some examples of such applications
by using old and new results in Rota–Baxter algebras.
4.1. Spitzer’s identity. Let (R,P ) be a unitary commutative Rota–Baxter Q-algebra of
weight 1. Then for a ∈ R, we have the Spitzer’s identity [38]
(20) exp (P (log(1 + at))) =
∞∑
i=0
ti P
(
P (P (· · ·P︸ ︷︷ ︸
i-times
(a)a) · · ·a)a
)
in the ring of power series R[[t]]. We apply it to the MZV algebra of level 2 generated
by AH . For k ≥ 2, let a = fk := 1/x
k ∈ AH . With the summation operator P (f)(x) =∑
n≥1 f(x+ n), we have
P (log(1 + at)) = P
( ∞∑
i=1
(−1)i−1
i
(
t
xk
)i )
=
∞∑
i=1
(−1)i−1
i
P
(
1
xki
)
ti
=
∞∑
i=1
(−1)i−1
i
ζ(ki; x+ 1)ti
Similarly, the right hand side of Eq (20) becomes
1 +
∞∑
i=1
ζ(k, · · · , k︸ ︷︷ ︸
i
; x+ 1)ti.
So Evaluating at x = 0, we get the well-known identity
exp
(
∞∑
i=1
(−1)i−1ζ(ik)
ti
i
)
= 1 +
∞∑
i=1
ζ(k, · · · , k︸ ︷︷ ︸
i
)ti.
Applying Spitzer’s identity to the subalgebra AL gives similar relations of MPLs.
The non-commutative version of Spitzer’s identity (20) gives Bogoliubov’s formulae in
perturbative renormalization of quantum field theory [23].
We now apply Spitzer’s identity to the free Rota-Baxter algebra A = X(C[x]) with its
Rota-Baxter operator still denoted by P . For u, v ∈ A, define
u ⋆ v = uP (v) + P (u)v + uv.
MULTIPLE ZETA VALUES AND ROTA–BAXTER ALGEBRAS 11
Then define
u⋆ n = u ⋆ · · · ⋆ u︸ ︷︷ ︸
n
, exp⋆(u) =
∑
n≥0
u⋆ n/n!.
We verify that P (u)P (v) = P (u ⋆ v) by definition of P and hence P (u)n = P (u⋆n), n ≥ 1.
Using this to rewrite Spitzer’s identity, the left hand side gives P (exp⋆ log(1+xt))−P (1)+1.
The right hand side gives
1 + P (xt) + P (xtP (xt)) + · · · = 1 + 1⊗ xt + 1⊗ xt⊗ xt + · · ·
= P (1 + xt + (xt)⊗2 + · · · )− P (1) + 1.
Thus exp∗ log(1 + xt) = 1 + xt + (xt)
⊗2 + · · · . This is a basic identity in [34].
4.2. Bohnenblust-Spitzer formula. We quote the following theorem that first appeared
in the same paper [44] where Spitzer published his above formula and takes it present form
in [40].
Theorem 4.1. (Bohnenblust-Spitzer formula) Let A be a Rota–Baxter algebra. Then∑
σ∈Sn
P (sσ(1)P (sσ(2) · · ·P (sσ(n)) · · · )) =
∑
T
(−1)n−|T|
∏
T∈T
(|T | − 1)!P (
∏
j∈T
sj), n > 0.
Here sj > 1, 1 ≤ j ≤ n and T runs through all unordered set partitions of {1, · · · , n}.
Applying this identity to AH , we obtain an identity of multiple Hurwitz zeta functions.
Then specialized at x = 0, we have the following important Partition Identity of Hoff-
man [32].
Corollary 4.2. For si > 1, 1 ≤ i ≤ n, we have∑
σ∈Sn
ζ(sσ(1), · · · , sσ(n)) =
∑
T
(−1)n−|T|
∏
T∈T
(|T | − 1)!ζ(
∑
j∈T
sj), n > 0.
For example, when n = 2, we have the identity
P (s1P (s2)) + P (s2P (s1)) = −P (s1s2) + P (s1)P (s2),
in Rota–Baxter algebras, translated to
ζ(s1, s2) + ζ(s2, s1) = −ζ(s1 + s2) + ζ(s1)ζ(s2).
Applying Bohnenblust-Spitzer formula to Aq, we have the q-analog of Hoffman’s identity
proved by Bradley [8].
4.3. Congruences. The following congruence relation is prove in [27].
Theorem 4.3. Let p be a prime number. For any a1⊗· · ·⊗an ∈ A
⊗n in the free Rota-Baxter
algebra X(A), we have
(Tensor/Graduate form of Freshman′s Dream) (a1 ⊗ · · · ⊗ an)
p ≡ ap1 ⊗ · · · ⊗ a
p
n mod p
in the sense that p divides the coefficients of all other pure tensors when the power on the
left hand side is expressed as a linear combination of pure tensors. Here the product on the
left hand side is the product in X(A) defined in Eq (7).
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Compare with the well-known Freshman’s Dream
(x+ y)p ≡ xp + yp mod p.
Applying the theorem to the MZV algebra AH of multiple Hurwitz series and evaluating
at x = 0, we have
Corollary 4.4.
ζ(s1, · · · , sn)
p ≡ ζ(ps1, · · · , psn) mod p
in the sense that the coefficients of all other multiple zeta values on the right hand side is
a multiple of p.
Similar congruences hold for MPLs.
Acknowledgements: The second named author is supported in part by NSF grant DMS-
0505643 and a grant from Rutgers University Research Council, and thanks IHES for hos-
pitality.
References
[1] M. Aguiar, Prepoisson algebras, Letters Math. Phys., 54 (2000), 263-277.
[2] M. Aguiar, Infinitesimal Hopf algebras Contemporary Mathematics, 267 (2000), 1-29.
[3] M. Aguiar and J.-L. Loday, Quadri-algebras, J. Pure Appl. Algebra, bf191, (2004), no. 3, 205–
221. math.QA/03090171
[4] G. E. Andrews, L. Guo, W. Keigher and K. Ono, Baxter algebras and Hopf algebras, Trans.
AMS, 355 (2003), no. 11, 4639–4656. math.RA/0407181
[5] G. Baxter, An analytic problem whose solution follows from a simple algebraic identity, Pacific
J. Math., 10, (1960), 731–742.
[6] D. Bowman and D. M. Bradley, The algebra and combinatorics of shuffles and multiple zeta
values, J. Combinatorial Theory, Ser. A, 97, (2002), no. 1, 43–61. math.CO/0310082
[7] J. M. Borwein, D. J. Broadhurst, D. M. Bradley, and P. Lisoneˇk, Special values of multiple
polylogarithms, Trans. Amer. Math. Soc., , (2001), no. 3, 907–941. math.CA/9910045
[8] D. M. Bradley, Multiple q-zeta values, J. Algebra, 283, (2005), no. 2, 752–798 math.QA/0402093
[9] D. J. Broadhurst and D. Kreimer, Association of multiple zeta values with positive knots via
Feynman diagrams up to 9 loops, Phys. Lett. B, 393, (1997), no. 3-4, 403–412.
[10] P. Cartier, Fonctions polylogarithmes, nombres polyztas et groupes pro-unipotents, Astrisque,
282, (2002), 137–173, (Sm. Bourbaki no. 885).
[11] P. Cartier, On the structure of free Baxter algebras, Adv. in Math., 9, (1972), 253–265.
[12] A. Connes and D. Kreimer, Renormalization in quantum field theory and the Riemann-Hilbert
problem. I. The Hopf algebra structure of graphs and the main theorem, Comm. Math. Phys.,
210, (2000), no. 1, 249–273. hep-th/9912092
[13] A. Connes and D. Kreimer, Renormalization in quantum field theory and the Riemann-Hilbert
problem. II. The β-function, diffeomorphisms and the renormalization group, Comm. Math.
Phys., 216, (2001), no. 1, 215–241. hep-th/0003188
[14] K. Ebrahimi-Fard, Loday-type algebras and the Rota–Baxter relation, Letters in Mathematical
Physics, 61, no. 2, (2002), 139–147.
[15] K. Ebrahimi-Fard, Jose´ M. Gracia-Bond´ıa, L. Guo and J. C. Va´rilly, Combinatorics of renor-
malization as matrix calculus, preprint: Aug. 2005, hep-th/0508154.
[16] K. Ebrahimi-Fard and L. Guo Mixable Shuffles, Quasi-shuffles and Hopf Algebras, preprint:
2004, math.RA/0506418
[17] K. Ebrahimi-Fard and L. Guo, On Products and Duality of Binary, Quadratic, Regular Operads,
Journal of Pure and Applied Algebra, 200, (2005), 293–317. math.RA/0407162
[18] K. Ebrahimi-Fard and L. Guo, Rota-Baxter Algebras, Dendriform Algebras and Poincare-
Birkhoff-Witt Theorem, preprint: March 2005, math.RA/0503647.
MULTIPLE ZETA VALUES AND ROTA–BAXTER ALGEBRAS 13
[19] K. Ebrahimi-Fard and L. Guo, On matrix representation of renormalization in prerturbative
quantum field theory, preprint: Aug. 2005, hep-th/0508155.
[20] K. Ebrahimi-Fard and L. Guo, On free Rota–Baxter algebras, preprint.
[21] K. Ebrahimi-Fard, L. Guo and D. Kreimer, Integrable Renormalization I: the Ladder case, J.
Math. Phys., 45, No 10, (Oct. 2004), 3758–3769. hep-th/0402095
[22] K. Ebrahimi-Fard, L. Guo and D. Kreimer, Integrable Renormalization II: the General case,
Annales Henri Poincare´, 6, (2005), 369–395. hep-th/0403118
[23] K. Ebrahimi-Fard, L. Guo and D. Kreimer, Spitzer’s Identity and the Algebraic Birkhoff De-
composition in pQFT, J. Phys. A: Math. Gen., 37, (2004) 11037–11052. hep-th/0407082
[24] A. G. Goncharov, Periods and mixed motives, preprint: Feb. 2002, math.AG/0202154.
[25] L. Guo, Baxter algebra and differential algebra, in: “Differential Algebra and Related Topics”,
World Scientific Publishing Company, (2002), 281–305.
[26] L. Guo, Baxter algebras and the umbral calculus, Special issue in honor of Dominique Foata’s
65th birthday (Philadelphia, PA, 2000). Adv. in Appl. Math., 27, (2001), no. 2-3, 405–426.
[27] L. Guo, Baxter algebras, Stirling numbers and partitions, J. Algebra Appl., 4, (2005), no. 2,
153–164.. math.AC/0402348
[28] L. Guo and W. Keigher, Free Baxter algebras and shuffle products, Adv. in Math., 150, (2000),
117–149.
[29] L. Guo and W. Keigher, On Baxter algebras: completions and the internal construction, Adv.
in Math., 151, (2000), 101–127.
[30] M. E. Hoffman, Multiple harmonic series, Pacific J. Math., 152 (1992), no. 2, 275–290.
[31] M. E. Hoffman, The algebra of multiple harmonic series, J. Algebra, 194, no. 2, (1997), 477–495.
[32] M. E. Hoffman, Quasi-shuffle products, J. Algebraic Combin., 11, no. 1, (2000), 49–68.
[33] M. E. Hoffman, Algebraic aspects of multiple zeta values, in ”Zeta Functions, Topology and
Quantum Physics” Series: Developments in Mathematics, Vol. 14, T. Aoki, S. Kanemitsu,
M. Nakahara, Y. Ohno,(Eds.), Springer, (2005). math.QA/0309425
[34] K. Ihara, M. Kaneko and D. Zagier, Derivation and double shuffle relations for multiple zeta
values, preprint 2002.
[35] D. Kreimer, Knots and Feynman diagrams, Cambridge Lecture Notes in Physics, 13. Cambridge
University Press, Cambridge, (2000). xii+259 pp.
[36] S. Moch, P. Uwer and S. Weinzierl, Nested sums, expansion of transcendental functions and
multiple-loop integrals, J. Math. Phys., 43, (2002), no. 6, 3363–3386.
[37] J. Okuda and Y. Takeyama, On relations for the q-multiple zeta values, preprint: feb. 2004,
math.QA/0402152.
[38] G.-C. Rota, Baxter algebras and combinatorial identities I, Bull. Amer. Math. Soc., 75, (1969),
325–329.
[39] G.-C. Rota, Baxter algebras and combinatorial identities II, Bull. Amer. Math. Soc., 75, (1969),
330–334.
[40] G.-C. Rota and D. A. Smith, Fluctuation theory and Baxter algebras, Symposia Mathematica,
Vol. IX (Convegno di Calcolo delle Probabilit, INDAM, Rome, 1971), pp. 179–201. Academic
Press, London, (1972).
[41] G.-C. Rota, Baxter operators, an introduction, In: “Gian-Carlo Rota on Combinatorics, Intro-
ductory Papers and Commentaries”, Joseph P.S. Kung, Editor, Birkha¨user, Boston, 1995.
[42] G.-C. Rota, Ten mathematics problems I will never solve, Invited address at the joint meeting
of the American Mathematical Society and the Mexican Mathematical Society, Oaxaca, Mexico,
December 6, 1997. DMV Mittellungen Heft 2, 1998, 45–52.
[43] K.-G. Schlesinger, Some remarks on q-deformed multiple polylogarithms, preprint: Nov. 2001,
math.QA/0111022.
[44] F. Spitzer, A combinatorial lemma and its application to probability theory, Trans. Amer. Math.
Soc., 82, (1956), 323–339.
[45] M. Waldschmidt, Valeurs, zeˆta multiples: une introduction, J. The´orie des Nombres de Bor-
deaux, 12, (2000), 581–595.
[46] M. Waldschmidt, Multiple polylogarithms, Lect. at Inst. of Mathem. Sciences, (Chennai, Nov.
2000), http://www.math.jussieu.fr/∼miw/articles/.
14 KURUSCH EBRAHIMI-FARD AND LI GUO
[47] D. Zagier, Values of zeta functions and their applications, First European Congress of Mathe-
matics, Vol. II (Paris, 1992), 497–512, Progr. Math., 120, Birkhuser, Basel, 1994
[48] J. Zhao, q-multiple zeta functions and q-multiple polylogarithms, preprint: May 2003,
math.QA/0304448.
[49] W. Zudelin, Algebraic relations for multiple zeta values, (Russian), Uspekhi Mat. Nauk, 58,
no.1 , 3–32, 2003, translation in Russian Math. Survey, 58, vol. 1, 1–29,(2003).
I.H.E´.S. Le Bois-Marie, 35, Route de Chartres, F-91440 Bures-sur-Yvette, France
E-mail address : kurusch@ihes.fr
Department of Mathematics and Computer Science, Rutgers University, Newark, NJ
07102
E-mail address : liguo@newark.rutgers.edu
